arXiv:1506.06545vl [math.AG] 22Jun2015 


HAMILTONIAN SYSTEM FOR THE ELLIPTIC FORM OF 
PAINLEVE VI EQUATION 

ZHIJIE CHEN, TING-JUNG KUO, AND GHANG-SHOU LIN 


Abstract. In literature, it is known that any solution of Painleve VI 
equation governs the isomonodromic deformation of a second order lin¬ 
ear Fuchsian ODE on CP^. In this paper, we extend this isomonodromy 
theory on CP^ to the moduli space of elliptic curves by studying the 
isomonodromic deformation of the generalized Lame equation. Among 
other things, we prove that the isomonodromic equation is a new Hamil¬ 
tonian system, which is equivalent to the elliptic form of Painleve VI 
equation for generic parameters. For Painleve VI equation with some 
special parameters, the isomonodromy theory of the generalized Lame 
equation greatly simplifies the computation of the monodromy group in 
CP^. This is one of the advantages of the elliptic form. 


1. Introduction 


The isomonodromic deformation plays an universal role to connect many 
different research areas of mathematics and physics. Our purpose of this pa¬ 
per is to develop an isomonodromy theory for the generalized Lame equation 
on the moduli space of elliptic curves. 

1.1. Painleve VI in elliptic form. Historically, the discovery of Painleve 
equations was originated from the research on complex ODEs from the mid¬ 
dle of 19th century up to early 20th century, led by many famous mathe¬ 
maticians including Painleve and his school. The aim is to classify those 
nonlinear ODEs whose solutions have the so-called Painleve property. We 


refer the reader to p 01 El [ini [III [la [la [la [HI [ig [la [201 [ZD i22i [Ml [ 25 ] 


and references therein for some historic account and the recent develop¬ 
ments. Painleve VI with four free parameters (a,/?, 7 ,5) can be written 


as 


1 1 M 1 1 \dX 

dt"^ 2\A~*~A — 1~*~A — tyVdty \t t — X — t) dt 



, A(A-l)(A-f) 
{t - if 


In the literature, it is well-known that Painleve VI (HP) is closely related 
to the isomonodromic deformation of either a 2 x 2 linear ODE system of 
hrst order (under the non-resonant condition, the isomonodromic equation 
is known as the Schlesinger system; see m) or a second order Fuchsian 
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ODE (under the non-resonant condition, the isomonodromic equation is 
a Hamiltonian system; see [ZlEQ]). This associated second order Fuchsian 
ODE is defined on CP^ and has five regular singular points 0,1, t, X{t) and oo. 
Among them, X{t) (as a solution of Painleve VI) is an apparent singularity. 
This isomonodromy theory on CP^ was first discovered by R. Fuchs [7] , and 
later generalized to the n-dimensional Gamier system by K. Okamoto [20]. 
We will briefly review this classical isomonodromy theory in Section 4. 

Throughout the paper, we use the notations ujq = 0,loi = 1,uj2 = t, 
cjs = 1 -b T, At = Z -|- rZ, and Et- = C/A,- where r G H = {r| Imr > 0} 
(the upper half plane). We also define Ej- [2] = {^|* = 0,1,2,3} to be the 
set of 2-torsion points in the flat torus E^-. From the Painleve property of 
(HID, any solution A (t) is a multi-valued meromorphic function in C\ {0,1}. 
To avoid the multi-valueness of A (t), it is better to lift solutions of (|1.1|) to 
its universal covering. It is known that the universal covering of C\{0,1} 
is H. Then t and the solution A (t) can be lifted to r and p (r) respectively 
through the covering map by 


( 1 . 2 ) 


t(r) 


63 (t) 
62 (t) 


^44 and X{t) 
ei(r) 


P(p(t)|t) - 61 (r) 
62 (r)- 6 l(T) 


where p {z\t) is the Weierstrass elliptic function defined by 


p{z\t) 


+ E 

OJG A-rXfO} 




and 6j = p (^|t), i = 1,2,3. Then p (r) satisfies the following elliptic form 


(1.3) 


d^pjr) 

dT^ 


2=0 


where p' {z\t) = -^p{z\t) and 

(1.4) (ao,ai,a2,a3) = -/3,7, i - 5 

This elliptic form was already known to Painleve |23] . For a modern proof, 
see [Tl[T^. 

The advantage of (II.3p is that p(p('r)|r) is single-valued for r G H, al¬ 
though p{t) has a branch point at those tq such that p{tq) G F'Tg[2] (see 
e.g. (I1.22P below). We take (aoj “i, ck 2 , as) = (|)|)|)|) an example 
to explain it. Painleve VI with this special parameter has connections with 
some geometric problems; see min]- In the seminal work m, N. Hitchin 
discovered that, for a pair of complex numbers (r, s) G C^\^Z^, p(r) defined 
by the following formula: 

p' (r -b st\t) 

2 (C (r -b ST|r) - r7i(r) - sri 2 {T)) ’ 



(1.5) p(p(r)|r) = p(r -b ST|r) -b 
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is a solution to (jl.3p with ak = \ for all k. Here C {A'^) ^ is 

the Weierstrass zeta function and has the quasi-periods 

(1.6) C{z + 1\t) = C (^It) -I- r/i(r) and C (-^ + = C (AA + 

By (jl.Sp . Hitchin could construct an Einstein metric with positive curvature 
if r S M and s € iR, and an Einstein metric with negative curvature if 
r € iR and s G R. It follows from (II.5p that p(p(t)|t) is a single-valued 
meromorphic function in El. However, each tq with p(ro) G [2] is a branch 
point of order 2 for p(r). 

Motivated from Hitchin’s solutions, we would like to extend the beautiful 
formula (II.5p to Painleve VI with other parameters. But it is not a simple 
matter because it invloves complicated derivatives with respect to the moduli 
parameter r. For example, for Hichin’s solutions, it seems not easy to derive 
(jl.3l) with cifc = I for all k directly from the formula (11.51) . We want to 
provide a systematical way to study this problem. To this goal, the first 
step is to develop a theory in the moduli space of tori which is analogous to 
the Fuchs-Okamoto theory on CP^. The purpose of this paper is to derive 
the Hamiltonian system for the elliptic form (jl.3|) by developing such an 
isomonodromy theory in the moduli space of tori. The key issue is what the 
linear Fuchsian equation in tori is sueh that its isomonodromic deformation 
is related to the elliptie form m- 


1.2. Generalized Lame equation. Motivated from our study of the sur¬ 
prising connection of the mean held equation and the elliptic form (jl.3p of 
Painleve VI in [4], our choice of the Fuchsian equation is the generalized 
Lame equation dehned by (11.111) below. More precisely, let us consider the 
following mean held equation 


3 

(1.7) An-(-e“ = Stt -(-dvr ((5p-|-(5_p) in 

i=0 


where > —1, 6±p and are the Dirac measure at ±p and ^ respec¬ 
tively. By the Liouville theorem, any solution n to equation dLZD could be 
written into the following form: 

(1-8) u{z) = log 

(1 + \f{z) 

where / (z) is a meromorphic function in C. Conventionally / (z) is called a 
developing map of u. We could see below that there associates a 2nd order 
complex ODE reducing from the nonlinear PDF (|1.7p . Indeed, it follows 
from (|1.7I) that outside Er [2] U {±p}, 



-A) +r”“'="' 

/ z 
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So Uzz — is an elliptic function on the torus Ej- with singularties at 
Er [2] U {±p}. Since the behavior of u is fixed by the RHS of (jl.7p . for 
example, u{z) = 2 log \z — p\ +0(1) near p, we could compute explicitly the 
dominate term of u^z — near each singular point. Let us further assume 
that u{z) is even, i.e., u{z) = u{—z). Then we have 


(1.9) 


Uzz 



= - 2 


= -2I 


ELo {nk + l)p{z + ^)+ l{p{z+p) + p{z-p)) 
++ {Ciz + p)-C{z- p)) + B 

[z) , 


where A, B are two (unknown) complex numbers. 

On the other hand, we could deduce from m that the Schwarzian de¬ 
rivative {/; z} of / can be expressed by 

( 1 . 10 ) {/; 4 ^ = 

From (jl.lOjl . we connect the developing maps of an even solution u to (II. 7p 
with the following generalized Lame equation 

(1.11) y"{z) = I{z)y{z) in Er, 

where the potential I{z) is given by (II.9p . In the classical literature, the 2nd 
order ODE 


(1.12) y''{z) = {n{n+l)p{z) + B)y{z) in Er 


is called the Lame equation, and has been extensively studied since the 
19th century, particularly for the case n G Z/2. See O [TUI IMl ES] and the 
references therein. In this paper, we will prove that (I1.12p appears as a 
limiting equation of (|l.lll) under some circumstances (see Theorem 11.51) . 

From (11.81) and (|1.1UI) . any two developing maps /j, z = 1,2 of the same 
solution u must satisfy 


f 2 {z) = a ■ fi{z) 


afijz) + b 

cfi{z) + d 


for some a = 


G PSU{2). From here, we could define a projective 


monodromy representation p : TTi{Er\{Er [2] U {±p}), go) ^ PSU (2), where 
go ^ Er [2] U {±p} is a base point. Indeed, any developing map / might be 
multi-valued. For any loop i G 'Ki{Er\{Er [2] U {±p}),go), Pf denotes the 
analytic continuation of / along L Since i* f is also a developing map of the 
same u, there exists p{t} G PSU{2) such that P f = p{U) ■ f. Thus, the map 
£ !->■ p(^i) defines a group homomorphism from 7ri{Er\{Er [2] U {±p}), go) to 
PSU{2). When G NU {0} for all k, the developing map is a single-valued 
meromorphic function defined in C, and {±p} would become apparent sin¬ 
gularties. Thus, the projective monodromy representation would be reduced 
to a homomorphism from tti {Er, go) to PSU (2). This could greatly simplify 
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the computation of the monodromy group. The deep connection of the mean 
field equation (jl.71) and the elliptic form (j 1.311 has been discussed in detail 
in [4]. This is our motivation to study the isomonodromic deformation of 
the generalized Lame equation (jl.lip in this paper. 


1.3. Isomonodromic deformation and Hamiltonian system. We are 

now in a position to state our main results. Recall the generalized Lame 
equation (11.111) : 


(1.13) y" 


ELo {nk + l)p{z + ^) + l{p{z + p) + p{z- p)) 
+T (C,{z + p)- C,{z- p)) + B 


Equation (I1.13p has no solutions with logarithmic singularity at ^ unless 
nk G ^ + Z. Therefore, we need to assume the non-resonant condition: 
nfc 0 i + Z for all k. Observe that the exponent difference of (11.131) at is 
2. Here the singular points are always assumed to be apparent. Under 
this assumption, the coefficients A and B together satisfy (I1.17p below. Our 
hrst main result is following. 


Theorem 1.1. Let 


(1.14) 



with Uk ^ 


k = 0,1,2,3. 


Then p (r) is a solution of the elliptic form 11.,91) if and only if there exist 
A (r) and B (r) sueh that the generalized Lame equation 111.13]} with apparent 
singularities at ±p (r) preserves the monodromy while r is deforming. 


Our method to prove Theorem 11.11 consists of two steps: the first is to 
derive the isomonodromic equation, a Hamiltonian system, in the moduli 
space of tori for (11.131) under the non-resonant condition ^ Z. The 
second is to prove that this isomonodromic equation (the Hamiltonian sys¬ 
tem) is equivalent to the elliptic form (|1.3p . To describe the isomonodromic 
equation for (jl.l3l) . we let the Hamiltonian K (p, A, r) be defined by 

(1.15) K {p,A,t) = ^{B+ 2pr]i{T) A) 

= zi( + (“C (2p|t) 2prii (r)) A - (2p|r) \ 

Consider the Hamiltonian system 

(1.16) 

f ^ S (2^ - C (2pIt) + 2pp, (r)) 

) dA(T) dK(p,A,r) i ( {2p{2p\T) + 2r]i{T))A-lp'{2p\T)\ . 

I ^^\-Tl=onk{nk + l)p'{p+^\T) ) 

Then our hrst step leads to the following result: 
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Theorem 1.2 f=Theorem 12.3|) . Let ^ ^ + Z, /c = 0,1,2,3. Then 
A{t)) satisfies the Hamiltonian system if and only if equation 

with {p{t), A{t), B(t)) preserves the monodromy, where 

33 ^ 

(1.17) B = A^ -C{2p)A- -p{2p) - ^ nfc (n^ + 1) p (p + y) • 

k=0 

And the second step is to prove 

Theorem 1.3 f=Theorem 12.51) . The elliptic form U.3\) is equivalent to the 
Hamiltonian system where ak = \ {rik + |) > ^ = 0,1, 2,3. 

Clearly Theorem 11.11 follows from Theorems 11.21 and 11.31 directly. 

Remark 1.1. In [T9] . Manin rewrote the elliptic form mM) into an obvious 
time-dependent Hamiltonian system: 


(1.18) 

where 


dpjr) 

dr 


dH dq (r) 
dq ’ dr 


dH 
dp ’ 


H = H {T,p,q) = ^ + ^^«ip(p('r) + ‘^\t) . 


i=0 


However, it is not clear whether the Hamiltonian system governs 

isomonodromic deformations of any Fuchsian equations in Er or not. Dif¬ 
ferent from our Hamiltonian system governs isomonodromic 

deformations of the generalized Lame equation for generic parameters. 

Both Theorems II.21 and II.31 are proved in Section 2. It seems that the gen¬ 
eralized Lame equation (I1.13P looks simpler than the corresponding Fuchsian 
ODE on CP^, and it is the same for the Hamiltonian system (|1.16p . com¬ 
pared to the corresponding one on CP^. From the second equation of (|1.16p . 
A (r) can be integrated so that we have the following theorem: 

Theorem 1.4. Suppose (p(t), A(t)) satisfies the Hamiltonian system il.l6\) . 
Define 


(1.19) 

Then 


F{t) = A{t) + ^(C(2p(r)|r) - 2C(p(r)|r)). 


( 1 . 20 ) 


F (r) = e'fiT)l exp I Y J ( 2 p( 2 p(f)|f) - p{p{f)\f)) df 
^ (y2l=o^k{nk + ^)p'{p{r) + ^|r 


exp r (2p(2p(r0|T0 - p(p(tO|tO) dr'j 


dr -|- Cl 
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for some constant ci G C, where 0'i{t) = 1^=0 (z;t) is the odd 

theta function defined in i2.30\) . In particular, for = 0, VA:, we have 

(1.21) F(t) = c6»((T)iexp|^y' (2p(2p(f)|f) - p(p(f)|f))(if| 

for some constant c G C\ {0}. 

Remark 1.2. Let rj{T) he the Dedekind eta function: n^i(l “ 

g ”), where q = e^'^" for r G H . Then 9[{t) = 27 rr /^( r ). 


The elliptic form (|1.3p and our results above could be applied to under¬ 
stand the phenomena of collapsing two singular points ±p(t) to ^ in the 
generalized Lame equation (11.131) . In general, when p(r) ^ ^ as r ^ tq, 
the generalized Lame equation might not be well-dehned. However, when 
p{t) is a solution of the elliptic form (jl.3ll . by using the behavior of p(r) 
near tq, the following result shows that the generalized Lame equation will 
converge to the classical Lame equation (jl.l2p . 

Observe that if p(r) is a solution of the elliptic form (11.31) . then p(r) — ^ 
is also a solution of (|1.3I) (maybe with different parameters). Therefore, we 
only need to study the case p{t) 0. More precisely, we have; 

Theorem 1.5 f=Theorem 13.11) . Suppose that ^ ^ + Z, k = 0,1,2,3, 
and jl.lT] ) holds. Let (p(t),H(t)) he a solution of the Hamiltonian system 
/11.16\} such that p{to) = 0 for some tq G H. Then 

(1.22) p{t) = co(t - To)^(l + h{T - To) -h 0(t - To)^) as T ^ To, 

where Cq = and h £ C is some constant. Moreover, the generalized 

Lame equation M.13\) as t ^ tq converges to 


y" = 


^ Uj {Uj + l)p 

i=i 


z + ^] + m{m + l)p{z) + Bo 


y in E. 


TO 


where 


„2 _ + 5 


I no + l if ci = i- 
m = { ^ '‘,1 


.,-„2 


Bo = 27rzcn I Airih — 


t • r y ‘ ' 

no - 1 if % = -i- 

3 


+ l)ej(To). 

1=1 


Theorem II.51 will be proven in Section 3. In Section 4, we will give another 
application of our isomonodromy theory (see Corollary 14.II) . More precisely, 
we will establish a one to one correspondence between the generalized Lame 
equation and the Fuchsian equation on CP^. Furthermore, we will prove 
that if one of them is monodromy preserving then so is the other one. We 
remark that all the results above have important applications in our coming 
paper [4]. For example. Theorem 11.51 can be used to study the converge of 
even solutions of the mean field equation (II.7p as p (r) —0 when r —>■ tq. 
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We conclude this section by comparing our result Theorem ll.il with the 
paper m by Kawai. Define the Fuchsian equation in Er by 

(1.23) y"{z) = q{z)y{z), 


where 

(1.24) 


with 

(1.25) 


m r ^ 

q (z) =L + ^ ffiC (z - tijr) + - (Of -l) p(z- tijr) 


2=0 ■- 
m r 


+ E 


a=0 


-fiaC (z - ba\T) + -p{z- ba\T) 


2 = 0 0 = 0 


Here L, Hi, ti, 9i, fia, ba are complex parameters with to = 0. The 
isomonodromic deformation of equation (I1.23P was first treated by Okamoto 
|22j without varying the underlying elliptic curves and then generalized by 
Iwasaki m to the case of higher genus. Let TZ be the space of conjugacy 
classes of the monodromy representation of TTi{{Er\S), qo), where S denotes 
the set of singular points. Then it was known that 7^ is a complex mani¬ 
fold. It was proved by Iwasaki [T3] that there exists a natural symplectic 
structure D on the space TZ. In Kawai considered the same Fuchsian 
equation (jl.23p but allowed the underlying elliptic curves to vary as well. 
By using the pull-back principle to the symplectic 2-form D, Kawai studied 
isomonodromic deformations for equation ()1.23l) which are described as a 
completely integrable Hamiltonian system: for 1 < i < m, 


(1.26) 

where 


dbg 

dti 


dHi dba OH duc 


^ dy,Q ’ dr dya ’ dti 
2=1 


^ dHi dy, 
1=1 


dr 


dn 

dbn' 


n = 


1 

2Tri 


L + r]i{T) E E tiHi 


^Q !=0 i=l 

Now considering the simplest case m = 0 and by using (I1.25P and to = 0, 
the potential q(z) takes the simple form (the subscript 0 is dropped for 
simplicity) 

(1.27) q(z) = L+yCiz\T) + ^ (0^ - l) p {z\t)- yCiz - b\T) + ^p {z - b\T) . 

Consequently, the Hamiltonian system (I1.26P is reduced to 
db 

(1.28) I 

V dr 


37 = sPf‘-C('>k) + M, 


* = s7 [f‘p('AT) + mi i)p'(i>\T)]. 
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Furthermore, the Hamiltonian system (|1.28|) is equivalent to 

(P f _ 1 , fb ujk. \ 

~ 47r2 ^ 32^ V2 2 ’ 

which implies that | satisfies the elliptic form (jl.3l) with (ao, oi, ^ 2 , 03 ) = 

(§ 2 ’52’S)’ [13 Theorem 3]. It is clear that our potential I (z) is 

different from (|1.27l) except for = 0, A; = 0,1, 2, 3 in / (z) and 6 = ±2 in 
(ll.27p . Notice that the linear ODE (I1.23P with (I1.27P only has the apparent 
singularity at b. Thus it seems that the monodromy representation for (11.231) 
could not be reduced to tti {Er) when 9 7 ^ ±2. However, when G N U {0} 
for all k, the monodromy representation for (|1.13l) could be simplihed. We 
remark it is an advantage when we study the elliptic form (11.31) with = 
^ + ^) ) k = 0,1,2,3. From Kawai’s result in m and ours, it can 

be seen that the elliptic form (jl.3p governs isomonodromic deformations of 
different linear ODEs (e.g. (I1.23P with (11.271) and (I1.13p l. Therefore, it 
is important to choose a suitable linear ODE when generic parameters are 
considered. 

2. Painleve VI AND Hamiltonian system on the moduli space 

In this section, we want to develop an isomonodromy theory on the mod- 
nli space of elliptic curves. Eor this purpose, there are two fundamental 
issues needed to be discussed: (i) to derive the Hamiltonian system for the 
isomonodromic deformation of the generalized Lame eqnation (I1.13P with 
Hi 0 ^ + Z, z = 0,1, 2,3; (ii) to prove the equivalence between the Hamilton¬ 
ian system and the elliptic form (|1.3I) . We remark that the (ii) part holds 
true without any condition. Recall the generalized Lame equation defined 
by 

(2.1) y" = I{z;T)y, 
where 

3 CO- 3 

Hz;t) =^ni {m + 1) p (^z ++^ipiz + p\T) + p{z-p\T)) 
i=0 

(2.2) +A{C{z+p\t)-C{z-p\t)) + B, 

and p{t) 0 Er [2]. By replacing Uj by —Ui — 1 if necessary, we always 
assume Ui > —^ for all i. Remark that, since we assume ^ ^ + Z, the 
exponent difference of (12.11) at ^ is 2ni + 10 2Z, implying that (12.11) has 
no logarithmic singularity at 0 < i < 3. 

For equation dZT]), the necessary and sufficient condition for apparent 
singularity at Ep is given by 
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Lemma 2.1. are apparent singularities of i2.1\} iff A and B satisfy 

Q 3 

(2.3) B = A^ -C {2p) A--P (2p) {m + 1) p + y) . 

i=0 

Proof. It suffices to prove this lemma for the point p. Let pi, i = 1,2, be 
two linearly independent solutions to ()2.ip . Define / = as a ratio of two 
independent solutions and v = log/b Then 

(2.4) = 1 (^')2 = _ 2 /(^). 

It is obvious that (12.Ih has no solutions with logarithmic singularity at p iff 
/ (z) has no logarithmic singularity at p. First we prove the necessary part. 
Without loss of generality, we may assume / {z) is holomorphic at p. The 
local expansion of / at p is: 

f{z) = co +C 2 {z-pf -, 


(2.5) V (z) = log /' (z) = log 2 c2 + log (z - p) + ^ dj (z - pf , 

i>i 


( 2 . 6 ) 


v' {z) = —— + ej {z - pY , 


z — p 


j>0 


v" {z) = 


-1 


, _ , -2 + 

P) j>0 


where ej = {j + 1) dj+i. Thus, 
(2.7) 


, // 


.. 1 ^ a2 -1 

” - 2 (“) 


1 


1 


z — p 


+ + 1) ej+i {z - pY 

j>o 

+ ej (z - pY 


j>0 


Recalling I{z) in ()2.2p . we compare both sides of (12.4p . The (z 
match automatically. For the (z — p)~^ term, we get 


p) ^ terms 


(2.8) - eo = 2A. 

For the (z — p)^, i.e. the constant term, we have 

(2-9) ei - - yg 

3 A 3 

= - 2 ^ n* (n, + 1) p (p + y) - -p (2p) - 2AC (2p) - 2B. 

i=0 

Then (|2.3I) follows from (12.8p and (|2.9p immediately. 

For the sufficient part, if (|2.3p holds, then cq is given by (12.81) . By any 
choice of ei and comparing (12.41) and (EZD, Cj is determined for all j P 2. 
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Then it follows from (I2.5p - (l2.6p that f {z) is holomorphic at p. Since its 
Schwarzian derivative satishes ()2.4[) . / is a ratio of two linearly independent 
solutions of (j2.1j) . This implies that (I2.ip has no solutions with logarithmic 
singularity at p, namely p is an apparent singularity. □ 


2.1. Isomonodromic equation and Hamiltonian system. The 2nd or¬ 
der generalized Lame equation (12.ip can be written into a 1st order linear 
system 

(2.10) -^Y = Q{z;t)Y in Er, 


dz 


( 2 . 11 ) 


Q (y-t) = 


where 

0 

J (yt) 

The isomonodromic deformation of the generalized Lame equation (j2.1jl is 
equivalent to the isomonodromic deformation of the linear system (I2.10jl . 
Let yi{z]T) and y 2 {z\T) be two linearly independent solutions of (j2.1ll . 
'yi[YT) 2/2 ( z ; t ) 


then Y {z; r) = 


is a fundamental system of solutions 


yVi (y t) 2/2 (y t) 

to (j2.10p . In general, Y {z]t) is multi-valued with respect to z and for each 
T € HI, y { z ] t ) might have branch points at S = {±p, k = 0,1,2,3}. 
The fundamental solution Y {z\ r) is called M-invariant (M stands for mon- 
odromy) if there is some go S Et\S and for any loop (. € 7 ri(£'T-\ 5 , go), there 
exists p (£) G SL (2, C) independent of r such that 

tY (z;r) = Y {z-,T)p{i) 


holds for z near the base point go- Here i*Y {z-,t) denotes the analytic 
continuation of Y (z;t) along £. Let 7 ^ € TTi{Er\S,qo), k = 0, 1,2,3, ±, be 
simple loops which encircle the singularties k = 0, 1,2,3 and ±p once 
respectively, and ij G 7 ri(£',-\ 5 , go), j = 1 , 2 , be two fundamental cycles of 
E-r such that its lifting in C is a straight line connecting go and go -|- ujj. 
We also require these lines do not pass any singularties. Of course, all the 
pathes do not intersect with each other except at go. We note that when r 
varies in a neighborhood of some To, 'jk and £i can be choosen independent 
of T. 

Clearly the monodromy group with respect to Y (z; r) is generated by 
{p (ij ), p {'fk) I j = 1) 2 and A: = 0,1, 2 , 3, ±}. Thus, Y (z\ r) is M-invariant 
if and only if the matrices pitj) ,p{'^k) are independent of r. Notice that 
/ (-it) is an elliptic function, so we can also treat (j 2 . 10 p as a equation defined 
in C, i.e., 

(2.12) ^Y = Q{z]t)Y inC. 

dz 

Furthermore, we can identify solutions of (j2.inp and (I2.12jl in an obvious 
way. For example, after analytic continuation, any solution y(-;r) of (j2.10p 
can be extended to be a solution of (j2.12p as a multi-valued matrix function 
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defined in C (still denote it by In the sequel, we always identify 

solutions of ()2.inp and (j2.12p . Then we have the following theorem; 

Theorem 2.1. System is monodromy preserving as r deforms if and 

only if there exists a single-valued matrix function fl {z; r) defined in C x H 
satisfying 

(z + 1; r) = 0 (z; r) 

O (z + r; r) = n {z; r) - Q (z; r), 

such that the following Pfaffian system 

^Y{z-t) = Q{z;t)Y{z-,t) 


(2.13) 


(2.14) 


^Y{z;t) = n(z;T)Y{z;T) 


in C X 


is completely integrable. 


Remark 2.1. The classical isomonodromy theory in C (see e.g. [TOl Propo¬ 
sition 3.1.5]j says that system i2.12\) is monodromy preserving if and only 
if there exists a single-valued matrix function 12 {z; r) defined in C x El such 
that is completely integrable. Theorem \2.1\ is the counterpart of this 

classical theory in the torus Er- The property \2.P^) comes from the pre¬ 
serving of monodromy matrices j = 1,2 during the deformation (see 

from the proof of Theorem, \2.1\ below). Notice that p{ij) can be considered 
as connection matrices along the straight line ij connecting qq and qq + coj 
for system 12.12]) . 

Notice that system (|2.14l) is completely integrable if and only if 

(2.15) 


d d 

—Q {z; t) = —n [z] t) -I- [0 (z; r), Q (z; r)], and 


(2.16) d{ld (z; r) dr) = [12 (z; r) dr] A [12 (z; r) dr] , 

where d denotes the exterior differentiation with respect to r in ()2.16p . See 
Lemma 3.14 in m for the proof. Clearly (I2.16P holds automatically since 
there is only one deformation parameter. We need the following lemma to 
prove Theorem 12.II 

Lemma 2.2. LetY (z;r) be an M-invariant fundamental solution of system 
12.1(A) and define a 2 x 2 matrix-valued function 12 (z; r) in by 


(2.17) 


n(,.,r) = ^Y.Y 


-1 


Then 12 (z; r) can be extended to be a globally defined matrix-valued function 
inC xM by analytic continuation (still denote it by 12 (z; r )). In particular, 
|£27| ) holds inC xM by considering Y (z;t} as a solution of system 12.12]) . 

Proof. The proof is the same as that in the classical isomonodromy theory 
in C. Indeed, since Y (z; r) is M-invariant, we have 


|.y. 

OT 




(2.18) 
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= -^(Yi>bk))-Phtr'Y-' 

= |:K^r-' = si(zir) 

for A; = 0,1, 2,3, ±, namely 0 (•; r) is invariant under the analytic continu¬ 
ation along 7fc. Thus, 12 (•;r) is single-valued in any fundamental domain 
of Er for each r. Then for each r € H, we could extend 17 [z] r) to be a 
globally defined matrix-valued function in C by analytic continuation. □ 


From now on, we consider equation (|2.10l) defined in C, i.e., (I2.12p . The 
analytic continuation along any curve in C always keep the relation (I2.17P 
between Y (z; r) and 17 (z; r). 

Proof of Theorem, \2.1\ First we prove the necessary part. Let Y {z]t) be 
an M-invariant fundamental solution of system ()2.inp and define 17 (z; t) by 
Y {z\ r). By Lemma [2.21 17 {z\ r) is a single-valued matrix function in C x El 
and Y{z]t) is a solution of (I2.14p . which implies (I2.15h . Hence the Pfaffian 
system (I2.14p is completely integrable. 

It suffices to prove that 17(z; r) satisfies (j2.13p . Note that 17(2:; r) is single¬ 
valued in C X H. Therefore, to prove (j2.13p . we only need to prove its 
validity in a small neighborhood Uq^ x I4o of some where <70 is the 

base point. By considering Y {z]t) as a solution of system (|2.12p . we see 
from Remark 1 2. II and Lemma YI?2\ that, for {z,t) G Uq^ x I4o) 

(2.19) Y{z+ u}i;T) = Y{z;T)p{ii), 


( 2 . 20 ) 


( 2 . 21 ) 

Therefore, (I2.19P and (I2.2ip give 
^}{z + ooi;T) 


^{yt) = ^Y{z-t) ■Y{z-t) ^ 


d 


Q.{z + u)i]T) = ■^Y{z + uJi]T) -Y^z + uji-.r) ^ 


—Y [z + up T) - —Y [Z + up T) —Ui 
dr oz dr 




^ (T (2; r) p (Ai)) - ^ {y r) p [ii)) -^Ui 


Y {z + uprY 

{Y {z-,t)p{U))~^ 


Since p (.£*), 1 = 1,2, are independent of r, we have 


and 


17 (2: -h 1; r) = -^Y (z; r) • T (z; r) ^ = 17 (z; r), 


17 (z-I-r; r) = (z; r) • y (z; r) ^ - ^Y {z;t) ■ Y {z;t) ^ 


= 17 (z;r) - Q {z',t) 


This proves (I2.13p . 
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Conversely, suppose there exists a single-valued matrix function O (z; r) 
in C X H satisfying (j2.13ji such that ()2.14p is completely integrable. Let 
Y {z]t) be a solution of the Pfaffian system ()2.14p . Then (I2.19jl - ()2.21[) hold 
and Y {z]t) satisfies system ()2.inp in Et- Hence 


d 


d 


d 


dr 

which implies 


Y {z + Ui] t) = —Y {z + Ui] t) - —Y (z + cji; r) 


dr 


dz 


A 

dr 


-OJi 


( 2 . 22 ) 


{z + 1;t) = (y (z; r) p (4)) 


= (y t) ■ P {h) + y {z; t) -^p (ii) 

= n (z; t)Y (z; t) p ( 4 ) + Y (z; r) ^p (h) 


and 

(2.23) 


A 


y (z -I- r; r) 


= '^) p (^ 2 )) “ ^ p (^ 2 )) 

= '^) • p (^2) + ^ (2:; ^) -^p ih) - ^y (2; r) • p (£2) 

= [n (z; r) - Q (z; r)] y (z; r) p (£ 2 ) + y (z; r) (^2) • 

On the other hand, by (j2.19p and p2.2ip . we also have 
d 


(2.24) 


dr 


y (z + upr) = VL{z + up t)Y (z; r) p {£i). 


Then by (12.221) . (12.231) . (12.241) and (j2.13p . we have 

y ( 2 ; t) ^p {£ 1 ) = Y (z; r) (^2) = 0. 
ar dr 

Also, by the same argument as (|2.18l) . we could prove 

^ (y r) ^p (7fc) = 0, A: = 0,1, 2,3, ±. 

Because of det Y 7^ 0, we conclude that 

^p(i,) = ^p{n) = o- 

Thus, y is an M-invariant solution of (|2.10p . That is, system (I2.10p is 
monodromy preserving. This completes the proof. □ 


Write n (z; r) = 


rill f^i2 
5^21 ^22 


Since Q (z; r) has the special form ()2.1ip . 


by a straightforward computation, the integrability condition (I2.15P is equiv¬ 
alent to 




































HAMILTONIAN SYSTEM FOR THE ELLIPTIC FORM OF PAINLEVE VI 


15 


where we denote ^ ^ to be the partial derivative with respect to the 

variable z. This computation is the same as the case in C (see e.g. m 
Proposition 3.5.1]), so we omit the details. Then we have the following fun¬ 
damental theorem for isomonodromic deformations of (I2.10ji in the moduli 
space of elliptic curves: 

Theorem 2.2. System is monodromy preserving as r deforms if and 

only if there exists a single-valued solution 012 {z; r) to 112. 25\) satisfying 

(2.26) Oi 2 (z-M;r) = Oi 2 (^;r), 

Oi2 {z = Oi2 {z; r) - 1 . 

Proof. By Theorem l2.1( it suffices to prove the sufficient part. Suppose there 
exists a single-valued solution O 12 (^;t) to (I2.25h satisfying (I2.26p . Then we 

dehne 0 (z; r) = fby setting 
V “21 i‘ 22 / 

(2.27) On {z; r) = -^^^'12 (^; t) , 

f^ 2 i {z; t) = O'li [z] t) -\- O 12 {z; r) / (z; r) , 

O22 (z; t) = O'n (z; r) -h On (z; r). 

By (12.251) . it is easy to see that 0(z;r) satisfies the integrability condition 
(j2.15p (see e.g. [ISl Proposition 3.5.1]), namely (12.141) is completely inte- 
grable. Finally, (I2.13|) follows from (I2.26|) . This completes the proof. □ 

The hrst main result of this section is as follows; 


Theorem 2.3. Let Uk 0 ^ h, k = 0,1,2,3 and p{t) is an apparent 
singular point of the generalized Lame equation i2.1\) with 112.2\) . Then 112.1\) 
with (p. A) = {p (r), ^ (r)) is an isomonodromic deformation with respect to 
T if and only if (p (r), A (r)) satisfies the Hamiltonian system: 


(2.28) 

where 

(2.29) 


dp (r) dK (p. A, r) dA (r) dK (p. A, r) 
dr dA ’ dr dp 


K (p, A, t) 


—i 

dvr 


A^ + (-C (2p1t) 2 pr/i (r)) A - |p ( 2 plr) 

- ELo + 1) P (p + 


To prove Theorem 12.31 we need the following formulae for theta functions 
and functions in Weierstrass elliptic function theory. 


Lemma 2.3. The following formulae hold: 

(^) 

p (^k) - (^k) + 2pi« iz\T) - 1 ) - -^g2z‘^ , 




dr dvr !_ +2piC (^^jr) - lzg 2 (r) 
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(in) 

(iv) 

(v) 

(vi) 

where 


9 -i 


2(c iz\T) - zrji ( t )) p' {z\t) 

+4 (p {z\t) - r/i) p {z\t) - 1^2 (r) 


^ I ^ 


6(p(^|'r) - ??i) p'(2 :|t) 

+ (C {z\r) - zrji (r)) (l 2 p 2 (^jr) - c/2 (r)) 




2i?? - -52 (r) 




52 (t) = -4 (ei (r) 62 (r) + ei (r) 63 (r) + 62 (r) 63 (r)), 
01 (t) = (2; r) 1^=0, ^ In cT (z|r) = C (^|t) , 


(2.30) 


t?l(2;r) = -i (_i)ng(n+i)Virg(2n+l)vrl2 


Those formulae in Lemma [2.31 are known in the literature; see e.g. [2] and 
references therein for the proofs. 

To give a motivation for our proof of Theorem 12.31 we hrst consider the 
simplest case = 0,VA:: Let oi = r + sr where (r, s) S is a hxed 

pair and ±p (r), A{t), B (t) be dehned by 

(2.31) C (ai {r) +p(t)) + C(ai (t) -p(r)) - 2(rr/i(T) + sr/2(r)) = 0, 


(2.32) 


^ ^ [C (5 + oi) + C (5 - oi) - C (2p)] , 


(2.33) i? = A2-C(2p)^-^p(2p), 

respectively. In [4] we could prove that under (I2.3ip - (l2.33p . the two functions 

5±ai {z]t) = e±i(C(“i+P)+f(“i-P))- ^{z^ai) -- 

[a {z + p) a {z - p)]^ 

are two linearly independent solutions to the generalized Lame equation 
(j2.ip with nfc = 0, A: = 0,1,2, 3, i.e., 


(2.34) / 


■{p{z+p) 


P)) + A{C,{z+p) 


C,{z-p)) + B 


V- 


Observe that (j2.34p has singularties only at ±p. Thus, the monodromy 
representation of (I2.34h is a group homomorphism p : tti {Et\ {±p} , qo) —> 
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5L(2,C). 

Then we 

respect to 

{yai (z; T 

(2.35) 

P(7±) 

(2.36) 

Pi^i) 

(2.37) 

P{h) 


yai {z; t) 
y-ai {z;t) 

Vai (Z-, t) 

y-ai (z; t) 
yai {z; r) 

y-ai {z]t) 


-1 0 
0 -1 

^—27ris 


yai iz-,T) 
y-ai (z;t) 


0 

j27rir 

0 


0 

^27ris 


0 

-,—27rir 


yai (z] t) 
y-ai {z-,t) 

Vai {z; t) 

y-ai iz;T) 


By (j2..S3p and Lemma [2711 (r) are apparent singularities. Since the pair 

(r, s) is fixed, we see from (j2..S5j) - (j2..37p that the generalized Lame equation 

^yai{z;T) y_ai(z;r)' 

M-invariant fundamental solution for the system (12.101) . Then by Theorem 
EH the single-valued matrix fl [z] r) could be defined by 


(j2.34p is monodromy preserving. Thus Y = 


IS an 




1 




detTV^l/a, 


-ai 


y—ai 

-y' 


0.1 


-y-ai 

yai 


which gives us 


^^12 — 


yai Q^y—ai y—aigT-Vai 

yaiy'-ai - y-aiy'ai 


A. In 

dr 

l-ln^ 

az y-a^ 




where / = is given by 


j 7^. — g2(C(ai+p)+C(ai-p))H(£__^. 

cr(z-l-ai)' 

Using (I2.31jl and Legendre relation rr^i — r ]2 = 27rz, we have 

(2.38) / (z; r) = ~ . 

a[z + aij 

In order to compute ni 2 , we compute ^ In / (z; t) and ^ In / (z; r), respec¬ 
tively. By Lemma 12.31 and (I2.38p . we have 

d 


(2.39) 


dr 


\nf{z]T) 


drji 


= 2 zsr]i + 2 zai— -(C (-^ - oik) + C (^ + nik)) •s 

dr 

d d 

-I- — In cr (z - oi r) - — In a iz + ai r) 

OT OT 

=-— [C (z + ai) - C(z - ai) - 2r]iai + 47 rzs] 

471 
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2 

X [C (z - ai) + C (^ + Oi) - 2zrii] + — [p{z - ai) - p{z + ai)], 

and 

d 

(2.40) TT In / (z; r) = 2aiiji - A-kIs + Q {z - ai) - Q {z + ai). 
oz 

Thus from (|2.39l) . (|2.4UI) and (r2.3ip . we have 
2 

^12 [z] t) = - — [C{z - ai) + C{z + ai) - 2zr]i] 

^ J_ pjz- ai) - p{z + ai) _ 

dvr 2ai?7i — Airis + C (z — oi) — C (-2 + oi) 

(2.41) = - ^[C{z - ai) + C{z + ai)-2zrii] 

J_ pjz-ai)- p(z + Qi)_ 

dvr C (oi + p) + C (oi -p) + C{z-ai) -C{z + Qi) ‘ 

From (12.dip , we see that ±ai are not poles of fli 2 {z; r). In fact, ±p are the 
only simple poles and 0 is a zero of fli 2 ( 2 ; r). Furthermore, we have 

(2.42) Res ni 2 ( 2 ; r) = —^. 

z=±p dvr 

By (12.dip , it is easy to see that 

(2.43) Qi 2 {-z] t) = -^12 {z-, t) . 

By (I2.42p . (I2.43P and (I2.26p . VL 12 iz;T) has a simpler expression as follows: 

^12 [z] t) = -^ {( {z - p) + C {z + p) - 2zr]i). 

For the general case, we do not have the explicit expression of the two 
linearly independent solutions. But the discussion above motivates us to 
find the explicit form of fli 2 . For example, we might ask whether there 
exists ni 2 satisfying the property (|2.43p or not. Thus, we need to study it 
via a different way. More precisely, we prove the following theorem: 

Theorem 2.4. Under the assumption of Theorem 1^.31 suppose the gener¬ 
alized Lame equation with {p,A) = (p (r) is an isomonodromic 

deformation with respect to r. Then there exists an M-invariant fundamen¬ 
tal solution Y {z; r) of system 112.10]) such that ni 2 (z; r) is of the form: 

(2.44) flis {z-,t) =-^{C{z-p{t))-\-C{z+p (t)) - 2z7ji), 

where ^12 (z; r) is the (1,2) component ofLl {z; r) which is defined by Y (z; r). 

We remark that Theorem 12.41 is a result locally in r. In the following, we 
always assume that Vq is a small neighborhood of tq such that p (r) 0 Er [2] 
and A{t), B (t) are finite for r G Vq. First, we study the singularities of 
ni2 {z-,t): 
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Lemma 2.4. Under the assumption and notations of Theorem A^.tA suppose 
Y (z; t) is an M-invariant fundamental solution of 112. with (p, A) = 
{p (r) , A{t)) and Q {z; r) is defined by Y (z; r). Then 

(i) Oi 2 (•; ■7') is meromorphic in C and holomorphic for all z 0 {±p(r), 
i = 0,1,2, 3} + At. 

(ii) If there exist i G {0,1,2,3} and ( 61 , 62 ) € 1? such that ^ + 61 + 
62 T is a pole of II 12 {-'tt) with order rui, then mi = 2ni, and any 
point in ^ + At is also a pole of II 12 (s^") with the same order mt. 
Consequently, if 012 (•; r) has a pole at ^ + At, then Ui G N. 

(iii) lli 2 (sT") has poles at {±p} + At of order at most one. 


Proof, (i) Since equation (12.251) has singularities only at {±p(t),^,z = 
0 , 1 , 2 , 3}+At, 11 i 2 (•; t") is holomorphic for all z ^ {±p(r), iy, i = 0 , 1 , 2 , 3} + 
At. On the other hand, if zq G {±p (r), ^, i = 0,1, 2, 3 }+At is a singularity 
of ni 2 {-'jt), then by using (j2.17l) and the local behavior of Y (qr) at zq, it 
is easy to prove 

c(r) 


f^i2 {z-t) = 


-(1 + higher order term) near zq 


(z - zoy 

for some c(r) / 0 and m G C. Since fli 2 (-'jT) is single-valued, we conclude 
that m G N, namely zq must be a pole of O 12 (-it). This proves (i). 

The proof of (ii) and (iii) are similar, so we only prove (ii) for i = 0. 
Without loss of generality, we may assume 61 = 62 = 0. Suppose 0 is a 
pole of ^12 iz;T) with order mo G N. By (I2.26p . it is obvious that for any 
( 61 , 62 ) G Z^, 61 + b 2 T is also a pole with the same order mo- Suppose 


_ 


(2.45) I}i2{z-,t) = z 

where cq 7 ^ 0. Then we have 


E 

^A:=0 


CkZ = 


CQ 

^mo 


(2.46) 

(2.47) 
and 


^12 (^; 7 -) = -mo 


Co 


^mo+l 


+ 0 


+ 0 


1 


1 


^mo 


-1 


near 0 , 


^12 (y r) = -mo (mo + 1) (mo + 2) 


^mo 

Co 


2:^0+3 


+ 0 


1 


2 ^ 0+2 


/ {z;t) = no {no + 1) 


+ 


(2.48) 


(n* + 1 ) p ( 

1 


V 2 


+ (p) + {p) + B 


+ 0{z) 


= no (no + 1) -7 + (r) + O (z). 


where D (r) is a constant depending on r. Thus 

1 


_L n m 


dl 
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Substituting (j2.45p - (j2.49l) into (j2.25p . we easily obtain 

mo (mo + 1) (mo + 2) cq = 4no (no + 1) (mo + 1) co- 

Since no > we have mo = 2no G N. Together with the assumption that 
no ^ 5 + Z, we have no G N. This completes the proof. □ 

For the isomonodromic deformation of the 2nd order Fuchsian equation 
on CP^, if the non-resonant condition n^ 0 ^ Z holds, then ^12 is 
independent of the choice of M-invariant fundamental solutions. See m- 
However, the same conclusion is not true in our study of equations dehned in 
tori; see Remark 12.21 below. The following lemma is to classify the structure 
of solutions of (j2.25p . 

Lemma 2.5. Under the assumption and notations of Lemma \2.4[ Then 
(i) If Y (z]t) is another M-invariant fundamental solution of 112. 10\) . 
then Hi 2 (z; t) — H 12 (z‘, r) is an elliptic function with periods 1 and 
T, and satisfies the following second symmetric product equation of 


(2.50) 4>'" - 4/$' - 21'^ = 0. 

(ii) Let ^(z\t) he an elliptic solution of h2.5(j\) . For any c G C, define 
Hi 2 (z;r) by 

^12 (z-, t) = Hi 2 (z] t) + c$ (z; t) . 

Then there exists an M-invariant fundamental solution Y (z;t) of 
system \2.10i) such that H 12 (z\t) is the (1,2) component of Ll (z't) 
which is defined by Y (z;t). 

Proof, (i) This follows directly from that H 12 (z; r) and H 12 (z; r) are both 
single-valued and satisfy ()2.25l) and (j2.26p . 

(ii) It is trivial to see that rii 2 iz;T) satisfies (I2.25P and (|2.26l) . Moreover, 
since both <I> (z; r) and H 12 (z] r) are single-valued, H 12 (z] r) is single-valued. 
By Theorem 12.21 there exists an M-invariant fundamental solution Y (z‘,t) 
of system ()2.10l) such that H (z; r) is defined by Y (z; r). □ 


Lemma 2.6. Under the assumption and notations of Lemma \2.4\ Then 
there exists an M-invariant fundamental solution Y ( z ; t ) such that 

^12 (z;t} = -Hi 2 . 


Proof. Recall that Y (z; r) = 

mental solution of (j2.10p in a neighborhood Uq^ 
neighborhood of —go, we define 


is an M-invariant funda- 


of go- Then for 2 : G —Uqq, a 


Yiz-,T) 
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It is easy to see that Y (z]t) is a fundamental solution to (|2.10l) in —Uq^. 
Define D (z; r) by Y (z; r), then we have 

~ ~ d d 

det Y (z; r) • D 12 (z; r) = yi {-z-r) —y2 {-z; r) - y2 {-z; r) —yi {-z; r), 

and since det Y {z; t) = — det Y (— 2 ; r), we obtain 

(2.51) Di2 (^;t) =-Di2 (-2:;r) 

for z G —Uqo- Since D 12 is globally defined and single-valued, by analytic 
continuation, (I2.5ip holds true globally. Thus, D 12 is globally defined and 
single-valued. Moreover, D 12 (z; r) satisfies ()2.25p and ()2.26p which implies 
that Y (z;t) is M-invariant. This completes the proof. □ 


Proof of Theorem \2.4\ Since the generalized Lame equation (12.ip with (12.2p 
is monodromy preserving as r deforms, by Theorem 12.21 and Lemma 12.41 
there exists a single-valned meromorphic function D 12 {z', r) satisfying (I2.25P 
and (I2.26p . Define D 12 ( 2 ;t) by 


(2.52) 


= - 


^^12 {z;t) - Di2 {-z]t) 


To prove Theorem 12.41 we divide it into three steps: 

Step 1. We prove that there exists an M-invariant fundamental solution 
Y (z; r) of system (12.101) such that 


(2.53) 


= -^Y {z-,t) -Y ^{z-,t) 


and Di 2 (z; t) is the (1,2) component of D {z; r). 

Let 

$(z;t) = -- CIi2{z;t) + CIi2{-z;t) 

By Lemmas 12.61 and 12.51 ^ is an elliptic solution of equation (I2.50p and 


^^12 { z ; t ) = Di2 ( z ; t ) $(z; t). 


By Lemma[23](ii), there exists an M-invariant fundamental solution Y (z; r) 
of system ()2.10l) such that (|2.53l) holds. 

Step 2. We prove that D 12 (z; r) is an odd meromorphic function and 
only has poles at {±p} + Ar of order at most one. Furthermore, PL '12 (z',t) 
is an even elliptic function. 

Clearly (I2.52p and Lemma [23] imply that D 12 (z; r) is an odd meromorphic 
function. Now we claim that: 


(2.54) Di 2 (z; t) only has poles at {±p} -|- A,- of order at most one. 

By Lemma[231 (i) , ^12 (z; r) is holomorphic for all z 0 {±p, = 0, 1, 2, 3}-|- 

A,-. If Di 2 [z] t) has a pole at ^ -I-A,-, then the order of the pole is 2nj G 2N 
by Lemma [2.41 liiL which yields a contradiction to the fact that D 12 {z]t) is 
odd and satisfies (I2.26p . 
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Step 3. We prove that ^12 {z;t) is of the form (|2.44l) : 

^12 {z]t) = iC (z - p) + Ciz + p) -2zr]i). 

By Step 2 and (I2.54p . we know that 0,^2 {z.',t) must be of the following 
form 

^^12 (^; "t) = -C {p{z+ p) + p{z - p)) + D 
for some constants C,D C. Thus by integration, we get 

^^12 {z; t) = C {C {z + p) + Q {z - p)) + Dz + E 
for some £" € C. Since ^12 [z] r) is odd, we have £" = 0. Furthermore, 
ni 2 {z + 1; r) = ^12 (z; r) + 2Crji + D, 

and 

^12 {z + r; r) = ni 2 {z- r) + 2Cp2 + Dt. 

By (j2.13p . we have 

2Cpi + D = 0, 2Cr]2 + Dt = —1. 

By Legendre relation rpi — p 2 = 2Tri, we have 

—z z 

C = — and D = —pi, 

471 Zir 

which implies (j2.44p . This completes the proof. □ 

Corollary 2.1. Under the assumption and notations of Lemma \2.4\ and 
assume Ui ^ 'L for some i G {0,1,2,3}. Then Qi 2 (z;t) is unique, i.e., 
^12 [z] t) is independent of the choice of M-invariant solution Y [z; r) of 
system i2.10\) . 


Proof. For any M-invariant solution Y (z;t) of system (I2.10p . by Theo¬ 
rem [221 there exists a single-valued function ni 2 (z',t) satisfying (j2.25p and 
(l2T3]i . Let 

4* {z- t) = ^12 {z-, t) -h O 12 (-z; r) . 

If <I> {z]t) ^ 0, then {z\t) is an even elliptic solution of (j2.50p . Without 
loss of generality, we may consider the case ni ^ Z. Then 2ni ^ Z since 
ni ^ ^ Z. Since the local exponents of (j2.50p at ^ are —2ni, 1, 2ni -|- 2 
and {z\ t) is elliptic, the local exponent of 4' (z; r) at z = ^ must be 
1, i.e., ^ is a simple zero. But again by 4>(z;r) is even elliptic, we have 
= 0, which leads to a contradiction. Thus, 4>(2:;r) = 0, i.e., 
^12 {z]t) is odd. Then by Theorem 12.41 1112 {z]t) is of the form (I2.44p . □ 


Remark 2.2. When Ui G T, for all i = 0,1,2,3, LIi 2 {z]t) might not he 
unique. For example, when nj = 0 for all i = 0,1, 2,3, we define 

4> (z; t) = C{z + p\t) -C(z- p\t) - C {2p\t) - 2A, 
then $ (z;t) is an even elliptic solution of I12.5M . So for any c G C, 

^12 {z; t) = -^{Ciz-p) + Ciz+p) - 2zpi) + c 4 > (z; r) 
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satisfies 112.25]} and 112.26\) . By Lemma \2 . ,51 there exists an M-invariant 
solution Y {z;t) such that Q {z;t) is defined by Y {z]t). 


Define U (z; r) by 

U (z; r) = ^12 {y t) - 4:1 {z; r) 0^2 (y r) - 21' (z; r) D 12 (z; r) + 2-^1 (z; r), 
where D 12 {z;t) is given in Theorem 12.41 (I2.44|) . i.e., 

^^12 (z; t) = -^ {C{z - p) + C {z + p) - 2zr/i). 

In order to prove Theorem 12.31 we need the following local expansions for 
^12 (z', t) and I (z; r) at p and /c = 0,1, 2,3, respectively. 


Lemma 2.7. D 12 {z-,t) and I {z;t) have local expansions at p and k = 
0,1, 2,3 as follows: 

(i) Near p, let u = z — p. Then we have 


(2.55) 0.12 {z]t) 


and 


Zi ( ^ + (C (2p) - 2pr]i) - (p (2p) + 2r]i) u 

47r V -\p' (2?>) - Kfs + P” + O {u'^) 


(2.56) I (z; t ) = ^ — Au ^ + A'^ + Hi { t ) u + H2 (r) + O (rt^) , 


where 


(2.57) (r) = ^ nfc (n^ + 1) p' + ^p' (2p) - Ap (2p), 

k=0 


and 


■ 3 

^ nk {rik + 1) p" (p + y) + (2p) + ^52 - 4lp' (2p) 


(ii) Near k G {0,1,2, 3}, let Uk = z — Then we have 


(2.58) 


Di2 {z\t) 


i 

dvr 


-(C(y+P)+C(f-p)-a;fchi) 

+2 (p (^ + p) + hi) + O (ixl) 


and 


(2.59) / (z; r) = (n^ + 1) ^ (r) + O (n|) , 

where 


(2.60) Afc (r) (n^ + 1) p + 

+ A{t) (c(y+p) 
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Proof. Recall the following expansions: 

( 2 , 01 ) = + 

(2.02) p(„) = ^ + ^„2 + |„l + C>(„6), 

The proof follows from a direct computation by using (12.611) and (12.621) . □ 

By using Lemma 12.71 we have 

Lemma 2.8. U (se) is an even elliptic function and has poles only at 
of order at most 3. More precisely, U {z; r) is expressed as follows: 

(2.63) U {z; t) =L (t) (p' {z - p) - p' {z + p)) 

+ M (r) {p{z-p) + p{z+ p)) 

+ ^ {t) {C{z-p)-C,{z + p)) + C{t), 
where the coefficients L{t), M (t), N (t) and C (r) are given by 

(2.64) L (t) = -i + A [6A - 3 (C (2p) - 2p,,i)]) , 


(2.65) 

( 2 . 66 ) 
(2.67) 


M (r) = -2^^ + ^ [-4^^ + 2A {( {2p) - 2pr/i)] , 


/ X dA i 
N{t) = -2—+ — 
dr dvr 


424(p(2p) +r/i) -3p'(2p) 
-2 ELo (nfc + 1) p' (p + 


C(r)=4A^-2ffUr)| 


+ 


-4A^p{2p) + 2m) + 3Ap^ (2p) 

47 r [ +2i7i (r) (C ( 2 p) - 2pr]i) 

Here Hi (r) is given in (|^.57| ). 

Proof. Since / (•;'t) is elliptic, we have I (z; r) = / (z + r; r). Thus 

( 2 . 68 ) 


—I {z; t) = I'{z + t; t) + —I {z + r; r) 


= r {z-t) + ^I{z + t;t). 

By using (j2.68p and the translation property (j2.26p of fli 2 (z; r), we have 
U{z + ojk; t) = U {z\t) , k = 1, 2, 
that is, [/ {■]t) is elliptic. Moreover, since I (sr) is even, we have 

(2.69) (z; r) = (- 2 :; r). 


By using (j2.69j) and 012 (s^) is odd, we see that U (se) is even. 
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Next, we claim that; 


(2.70) 


U (•; t) is holomorphic at k = 0,1,2, 3. 


Since the proof is similar, we only give the proof for k = 2. In this case, by 
(I2.58P and ()2.59l) in Lemma [2771 near we have. 


(2.71) ni 2 iz-,T) = — 2TTi + 2 + pj + T]ij U 2 + O [ufj 

and 

(2.72) I {z; r) = n 2 (n 2 + 1) + A 2 (r) + O (ri|) , 


Then near ^, we have 


^12 — ^ 2 + pj + 7 ?ij + O (1x2) 

I' (z; t) = -2n2 (n 2 + 1) + O {U 2 ), 


(2.73) 

(2.74) 
and 

d d 

(2.75) —I (z; r) = n 2 (n 2 + 1) + — A 2 (r) + O {U 2 ) ■ 

By (I2.7ip - (l2.75p and fli 2 ( 2 ; r) is holomorphic at A: = 0,1,2, 3, we have 

(2.76) U{z-,t) 

=^12 (^;'t) - 4/ {z; t) 9!i2 {z-, t) - 21' (z; r) O 12 {z\ r) + 2^1 {z; r) 

=f^i2 (^; t) - 4 [n2 (R2 + 1) ^ + ^2 (t) + O [ufj] 

i 

471 


2 (^p(-+pj +m] +0(«i) 


- 2 [-2n2 (n2 + 1) 1 X 2 ^ + O ( 1 x 2 )] 


X 

4x1 


+ 2 


27rx + 2(^p(^-+pj + 7]ij ui+O ( 1 x 2 ) 


5 


7 X 2 (n 2 + 1 ) U 2 ^ + —A 2 (r) + O (xx|) 


From ()2.76l) . it is easy to see that the coefficients of 1 X 2 ^, 1 X 2^5 1 ^ 2 ^ are all 
vanishing which implies that U (z‘,t) is holomorphic at 

Now we prove U (z;t) can be written as (I2.63p . To compute the coeffi¬ 
cients L{t), M (r), N (r) and C (r), we only need to compute near p. By 
(j2.55p and (12.561) , near p, we have 

, . / -xx -2 - (p( 2 p)-h 2 ? 7 i) - p'( 2 p)xx \ 

(2.77) SI 12 [Z,T) - ^ (2p)) 7x2 + 0 (u3) ) ’ 


(2.78) 


^12 (^; t) = 


—i 

Att 


—6u ^ — 


10 


+ 


p"( 2 p))+ 0 (xx)). 
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(2.79) I' (z; r) = + Hi (r) + 2 H 2 {t)u + 0 [u^) , 


(2.80) 


d 3dp -2 dA 


+ 


, dA dp 


+ 0{u). 


By (I2.55p . (I2.56P and (I2.77p - (l2.80p . near p, after computation, we have 
(2.81) U{z-t) 


= (^% + ^ M - 3 (C (2p) - 2ppi)^ n-3 


+ 


+ 


^ J_ r 4 ^ (p (2p) + r/i) - 3p' {2p) 

V dr dvr |_ -2 (n^ + 1) p' (p + 


u 


-1 





- 2^1 (^) t 

-47l2(p(2p)+2r?i)+3V (2p) 
+2i7i (r) (C (2p) - 2pr/i) 


+ 0{u). 


Obviously, (I2.8ip implies that U {z\r) has pole at p with order at most 3. 
Since U (z; r) is an even elliptic function, U {z\ r) also has pole at —p with 
order at most 3. From here and (I2.70h . we conclude that U {z‘,t) has poles 
only at ±p with order at most 3. Moreover, from (I2.8ip . it is easy to see that 
the coefficients L (r), M (r), N (r) and C (r) are given by (I2.64h - (l2.67h . □ 


Proof of Theorem \2.A By Theorem 12.21 and Lemma 12.81 the generalized 
Lame equation (12.11) with {p,A) = {p{t),A{t)) is monodromy preserving 
as T deforms if and only if 

U (z;t) = 0, 

if and only if 

(2.82) L{t) = M{t) = N{t)=C{t)=0. 

By (I2.64p - (j2.67p . a straightforward computation shows that (12.821) is equiv¬ 
alent to that {p,A) = {p{t) ,A{t)) satisfies the Hamiltonian system (j2.28p 
(see (|2.83p below). □ 


2.2. Hamiltonian system and Painleve VI. Next, we will study the 
Hamiltonian structure for the elliptic form (II.3p with Oj defined by (I1.14p . 
Our second main theorem is the following: 

Theorem 2.5. The elliptic form hl.3\) with ^ [rik + A: = 0,1, 2, 3 
is equivalent to the Hamiltonian system defined by 112.28\) and \2.29\) . 
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Proof. Suppose (p (r) satisfies the Hamiltonian system (I2.28p . i.e., 

(2.83) 

= g (2A - C (2p|r) + 2 ™ (r)) 


An 

dA{T) _ dK{p,A,T) _ J_ 

dr 


(2p (2p|r) + 2?7 i (r)) A - §p' (2p|r) 


dp 47ry_j2l^^^nk(nk + l)p'(p+^lT) 

Then we compute the second derivative of p (r) as follows: 

(r) —i 


(2.84) 




dvr 


dA (t) , , s dp (t) d ^ , , , 


+2,.(r)^^)h + 2p(r)‘^’>‘W 


dr 


dr 


By Lemma 12.31 we have 
(2,85) -|c(2p|r) = j2 


p' (2p|r) + 2 (C (2p|r) - 2ppi (r)) p (2p|r) 
+2piC (2p|r) - \pg 2 (r) 


( 2 . 86 ) 


dpi(r) z 

27 " <"> 


2p? - -92 (t) 


6^ 


Substituting (I2.83p . (I2.85P and p2.86p into p2.84p . we have 

3 


d'^pir) —1 

dr^ dvr^ 


(2.87) 


-1 


p' (2p|r) + ^ ^ rifc (nfc + 1) p' (^p + yl'^) ) 

^ A;=0 / 

3 3 

^ ^ p' (p + ^ ^ (nk + 1) p' (p + 


k=0 
3 


i;^Ei("‘ + i) p'(p + fl")' 

fc =0 ^ ^ 


k=0 




implying that p (r) is a solution of the elliptic form (II.3p with Ok = ^ (n^ + 
k = 0,1,2,3. 

Conversely, suppose p (r) is a solution of the elliptic form (II.3p with ak = 
^ (ufc + ^)^, k = 0, 1,2, 3. We define A (r) by the first equation of p2.83p . 
i.e., 

(2.88) A (r) = ^ ' 

Then 


dA (r) 
dr 


= 2TTi 


d'^P {t) 
dr'^ 



-2p (2p|r) (2 p|t; 
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and by using (I2.8.sp . (j2.85p and (j2.86p . we have 
dA (r) i 


dr dvr 




2 (p (2p|r) + r]i (r)) A--p (2p|r) 


(rik + 1) p' (p+^' 


k=0 


Thus, (p(t) , a (t)) is a solution to the Hamiltonian system (12.831) . 


□ 


Moreover, from (I2.83|) . we could obtain the integral formula for A(t) in 
Theorem oi 

Proof of Theorem \1.4\ Let us consider F (t) = A + ^ (2p) — 2^ (p)) and 

compute By (|2.83l) and Lemma [T3l we have 

d ^ . 

=^ + lL(f(2p)-2C(p)) 


dr 2 dr 


£: ( 2 (p (2p) + m M) A - (2p) (nk + 1) p'(p(t) + 




dvr 


k=0 


-(p(2p)-S>(p))^ + i(Lc(2p)-2|:C(p) 


(2p (2p) -p(p)+ m) (rik + 1) p'(p(t) + 


It: 

Thus, 

(2.89) F(t) 


dvr 


k=o 


= exp<{— / (2p (2p(f)|r) - p (p(f) |f)+r/i(f)) df •J(r), 


where 


J (r) = 


(ELo^fcK + l)p'(p(L) + ^|r)) 


(2p(2p(r')|T') - p(p(r')|r') + rji (r')) dr'} 

for some constant ci € C. By Lemma EH we have 

3? /■'" 

(2.90) — J 7/1 (f)df = In 6l'i(r). 

Then (ll.20p follows from (I2.89P and (I2.90p . 


dr + Cl 


□ 
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3. Collapse of two singular points 

In this section, we study the phenomena of collapsing two singular points 
±p(r) to 0 in the generalized Lame equation (I1.13jl when p{t) is a solution 
of the elliptic form (ll.3h . As an application of Theorems 12.31 and 12.51 it turns 
out that the classical Lame equation 

(3.1) y''{z) = {n{n + l)p{z) + B)y{z) in 

appears as a limiting equation if = 0 for k = 1,2,3 (see Theorem 13.11 
below). First we recall the following classical result. 

Theorem A. [151 Proposition 1.4.1] Assume 04 = no + | ^ 0. Then for any 
to € CP^\{0,1, oo}, there exist two 1-parameter families of solutions X{t) of 
Painleve VI 11.1\) such that 

(3.2) '^(^) ~- T h T 0(t — to) t —y to, 

t — to 

where /i € C can be taken arbitrary and 

(3.3) fi = fi(^e,to)e{±^-^^}. 

Furthermore, these two 1-parameter families of solutions give all solutions 
of Painleve VI It.tl) which has a pole at to- 

In this paper, we always identify the solutions p(r) and —p{t) of the 
elliptic form (11.31) . As a consequence of Theorem A and the transformation 
m, we have the following result. 

Lemma 3.1. Assume no + ^ 7 ^ 0. Then for any ro € H, by the transfor¬ 
mation ll.Sfj solutions A(t) in Theorem A give two 1-parameter families of 
solutions p{t) of the elliptic form such that 

(3.4) p{t) = co(r - ro)^(l + h{T - tq) + 0(t - tq)^) as t ^ tq, 
where h £ C can be taken arbitrary, 

and to = t(ro). Furthermore, these two 1-parameter families of solutions 
give all solutions p{t) of the elliptic form 11. 3\) such that p{to) = 0. 

Proof. It suffices to prove (13.5p . which follows readily from 

(3.6) t'(ro) =^ (e 2 (ro) - ei(ro)). 

TT 

Remark that to ^ {0,1}, so (13.61) implies t'(ro) 7 ^ 0. 

The formula (|3.6I) is known in the literature. Here we give a proof for the 
reader’s convenience. Recalling theta functions 'd 2 (' 7 ‘), i? 3 (t) and '!? 4 (r), it is 
well-known that (cf. see [ 2 ] for a reference) 

(3.7) 63 (r) - 62 (r) = 71 ^ 192 (r)^, ei(r) - e 3 (r) = 7 r^'! 94 (r)^, 
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ei(r) - e 2 (T) = 7r^i?3(T)^, 

^lni94(r) = ^ [3r?i(r)-7r2(2i?2(r)'^ + i94(r)‘^)] , 

^ In t ?3 (r) = [3r]i (r) + (i92(t)'^ - i?4(r)"^)] . 

Therefore, t = i?!/??! and then 


(3.8) t'{T) ~ ~ ~ —iTTt ■ I?2 


= —^7r■ 


4 


= —i 


dr 
Mt-1) 


IT 


(62 - ei). 


This completes the proof. 


□ 


Theorem 3.1. Assume that rij^ ^ 1, + ^, k ^ {0,1,2,3}, and 112. 31) hold. 
Let A{t)) be a solution of the Hamiltonian system ra such that 

p{to) = 0 for some tq G H. Then 

(3.9) p{t) = co(t - To) 5(1 + h{T - To) + 0(t - To)^) asT ^ To, 
for some h £ C and the generalized Lame equation lil.lS\) converges to 


(3.10) y" 


3 

[uj + l)p(^z + +m(m + l)p{z) + Bq 
i=i 


y in Ero, 


where cq is seen in iGI]].'. 


(3.11) 


no + 1 

m = < 

no - 1 


if Co = 
if Co = 


.rio-h 


to (^ 0 - 1 ) 

no + \ ’ 
*o(lo—1) 

"0+1 ’ 


(3.12) 


Bo = 2-Kicl [Amh - r/i(To)j -'^nj{nj + l)ej(To). 

1=1 

Proof. Clearly (13.91) follows from Lemma 13.11 by which we have (write p = 
P{n)) 


1 

Co" 


1 


(r - To) 2 = —p ( 1 - -^hp^ + 0{pH ) as T tq. 


Consequently, 


P'{n) = -co(r - To) 2 [1 + 3h{T - tq) + 0((r - to)^)] 


^2 r 
Cq 

2p 


1 + -2hp^ + Oip'^) 


as r —)■ Tq. 


This, together with the first equation of the Hamiltonian system (jl.161) - 
(ll.lSp . gives 


(3.13) A{t) = - [47rip'(r) + C(2f(r)) - 2p(r)7/i(r)] 



















HAMILTONIAN SYSTEM FOR THE ELLIPTIC FORM OF PAINLEVE VI 


31 


TTZC; 


p 


.2 r 


1 + -^hp^ + 0(p‘^) 


+ ^ - m{To)p + 0{p^) 


= - + ep + 0{p^) as T —7> To, 
P 


where e = hvrih — ??i(to) and 
(3.14) 

Clearly c satisfies 


• 2 I 1 

c = vrzco + - = 


-no - 4 if cl = i 


,no+j 


no + I if = -i 


2 — „-^o+| 


Consequently, we have 


c - - - — - no(no + 1) = 0. 

2, lb 


Q 

B{t) =A^ - C {2p) A - -p(2p) - i^j + 1) P (p + y) 


1=0 




= [ - + ep + 0(p ) - + 0(P ) - + ep + 0(p ) 




(ig + no (no + 1)) _ ^^^ 2 ^ 


1=1 


4c — 1 


e-'^Uj {uj + 1) ej(ro) + O(p^) = So + O(p^) 

1=1 

as p = p{t) —)> 0 since r —>■ ro, where So is given by (|3.12l) . Furthermore, 
(I3.13P implies 

A{C{z+p) - C{z-p)) = A{-2pp{z) + 0{p^)) -2cp{z) 

uniformly for z bounded away from the lattice points. Therefore, the po¬ 
tential of the generalized Lame equation (|1.13l) converges to 
3 


no(no -b 1) + - - 2c 


p(z) + So 


^ nj (nj + 1) p (^z + + 

1=1 

uniformly for 2 : bounded away from the lattice points as r —>■ tq. Using 
(j3.14l) we easily obtain (I3.10p - (I3.11I) . □ 


4. Correspondence between generalized Lame equation and 

Fuchsian equation 

In this section, we want to establish a one to one correspondence be¬ 
tween the generalized Lame equation (jl.l3p and a type of Fuchsian equa¬ 
tions on CP^. After the correspondence, naturally we ask the question: 
Is the isomonodromic deformation for the generalized Lame equation in E^ 
equivalent to the isomonodromie deformation for the corresponding Fuchsian 
equation on CP^ ? Notice that we establish the correspondence by using the 
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transformation x = (see (|4.12p below) which is a double cover from 

Et onto CP^. Hence, it is clear that the isomonodromic deformation for 
the Fuchsian equation could imply the the isomonodromic deformation for 
the generalized Lame equation. However, the converse assertion is not easy 
at all, because the lifting of a closed loop in CP^ via x = is not 

necessarily a closed loop in Er- As an application of Theorems 12.31 and 12.51 
we could give a positive answer. 

First we review the Fuchs-Okamoto theory. Consider a second order Fuch¬ 
sian equation defined on CP^ as follows: 

(4.1) y"+ pi{x)y'+p 2 ix)y = 0, 

which has five regular singular points at {t, 0,1, oo. A} and pj (x) = Pj{x] t, 
A, p), j = 1, 2, are rational functions in x such that the Riemann scheme of 
(|4.ip is 

/ t 0 1 oo A \ 

(4.2) 0 0 0 a 0 , 

\et 00 6, a+ 00^ 2 ) 

where a is determined by the Fuchsian relation, that is, 

a = —^ {0t + 0Q -\- 01 + 0OO ~ 1 ) • 

Throughout this section we always assume that 


(4.3) A ^ {0, l,t} and A is an apparent singular point. 

Since one exponent at any one of 0, l,A,t is 0 (see ()4.2l) i. P 2 (x) has only 
simple poles at 0, l,A,t. The residue of pi{x) at x = A is —1 because 
another exponent at x = A is 2. Define p and K as follows: 


(4.4) 


p = Res p 2 (x), K = —Res p 2 (x). 

x=\ x=t 


By (I4.2l) - ()4.4p . we have 
(4.5) pi (x) = 


l-0t ^ 1-00 ^ 1-01 
X — t X X — 1 


1 

X — A’ 


(4.6) 

where 


k t{t—l)K A (A — 1)/r 

^ X (x — 1) X (x — 1) (x — t) X (x — 1) (x — A) ’ 


(4.7) k — a{a + 0oo) — - ^{0o + 0i + 0t — 1 )^ — • 

By the condition (14.3p . i.e., A is apparent, K can be expressed explicitly by 


(4.8) K{X,p,t) = 


X{X — 1) {X — t) + k{X — t) 
0oiX-l)iX-t) + 0iXiX-t) 
+ {0t-l)X{X-l) 


For all details about (|4.5p - (l4.8l) . we refer the reader to [T5] . 
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Now let t be the deformation parameter, and assume that (SH) with 
(A(t),/r(t)) preserves the monodromy representation. In [U [20], it was 
discovered that under the non-resonant condition, (A (t), fi{t)) must satisfy 
the following Hamiltonian system: 

d\ (t) _ dK dnjt) _ dK 
^ ^ dt dt dX' 

Indeed, the following theorem was proved in [TIED]. 

Theorem B.[71[20| Suppose that 0t,0Q,9i,6oo ^ ^ (i-e. the non-resonant 
condition) and A is an apparent singular point. Then the second order ODE 
preserves the monodromy as t deforms if and only if {X {t), fj, (t)) 
satisfies the Hamiltonian system (B- 

It is well-known in the literature that a solution of Painleve VI 
can be obtained from the Hamiltonian system (|4.9p with the Hamiltonian 
K (A, fv, t) defined in ()4.8p . Let (A (t ), fj, (t)) be a solution to the Hamiltonian 
system (14.Op . Then A (t) satisfies the Painleve VI (II.ip with parameters 

(4.10) («,/3,7,<5) = -i0o^ 

Conversely, if A (t) is a solution to Painleve VI (11.11) , then we define pL (t) 
by the first equation of (14.91) . where {Oq, 0i,9t, 9oo) and k are given by (14.101) 
and (|4.7I) . respectively. Consequently, (A(t),/x(t)) is a solution to (14.9p . 
The above facts can be proved directly. For details, we refer the reader to 
mm- Together with this fact and Theorem B, we have 


Theorem C. Assume the same hypotheses of Theorem B. Then the second 
order ODE (4-1) preserves the monodromy as t deforms if and only if X{t) 
satisfies Painleve VI with parameters If.K)) . 


Now let us consider the following generalized Lame equation in Er'. 


(4.11) y" 


ELo ("* + '^)p{z + ^) +^{p{z + p) + p{z- p)) 
+A{C,{z + p) - C{z - p)) + B 


and suppose that p is an apparent singularity of (|4.1ip . Then we shall prove 
that the generalized Lame equation (14.lip is 1-1 correspondence to the 2nd 
order Fuchsian equation with A being an apparent singularity. To 

describe the 1-1 correspondence between (14.ip and (14.lip , we set 

(4.12) X = ^ —— and p (x) = 4x (x — 1) {x — t) . 

62 — 61 

Then we have the following theorem: 


Theorem 4.1. Given a generalized Lame equation defined in Er- 

Suppose p ^ Er [2] is an apparent singularity of Then by using 


x = 


p{z)-ei 


there is a corresponding 2nd order Euchsian equation (O 
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satisfying {f.Sf) whose coefficients pi (x) and p 2 (x) are expressed 

by where 

(4.13) ,_e3-ei , _ p (p) - ei 

(4.14) 

(4.15) 


t = A = 

62 — 61 62 — 6l 

( 6 * 0 , 01 , 6 »i, 0 oo) = (rai + 5 , n 2 + 5 , ns + i, no + 5 ) , 

1 , 

a = -- (1 + no + ni + n2 + ns), 


. 2ns - 1 2 n 2 - 1 2ni - 1 3 (A) Ap' (p) 

^ ^ 4(A-t) 4(A-1) 4A 8 p(A) 02 p(A)’ 


(4.17) 


K = - 


+ 


2n2n3 — n2 — ns 2nins — ni — ns 2n3 — 1 


4(t-l) 


At 


4(t-A) 


1 


4i {t - 1) 


3 p(p)+e3 I 

2 62-61 (A-t)(62-6l)^ 


3 A(A- 1 ) 

2 (A-i) , ,, 

I no(no+l)63 . ni(ni+l)62 , 112(^2+1)61 
' 62—61 ' 62 — 61 62—61 
_ 2n3(n3+l)63 ^ _^Ap (p) + 

62—61 0 v.r / ' eo—e 


62-61 


62-61 


Conversely, given a 2nd order Fuchsian equation satisfying o and 
i/iere is a corresponding generalized Lame equation ![ ) defined in 
Er where T,Ep,ni are defined by the constant A is defined by 

solving ^A6^ , and the constant B is defined by i2.3\) . In particular, p is an 
apparent singularity of ^Al). 


Remark 4.1. For the second part of Theorem \4A[ the condition A 0 {0,1, t} 
is equivalent to p ^ Et-[ 2], which implies p'{p) 7 ^ 0. Thus, A is well-defined 
via The proof of Theorem \4A\ will be given after Corollary \4A\ 

Let p : TTi{Er\{Er [2] U {±p}) ,go) SL (2,C), p : 7 ri(CP^\{ 0 , l,t, 00 }, 
Ao) —>■ GL ( 2 , C) where Ao = x (go), be the monodromy representations 
of the generalized Lame equation (I4.11|) and the corresponding Fuchsian 
equation (j4.1l) respectively. Let Y (z) = {yi (z), y 2 (z)) be a fixed funda¬ 
mental solution of (14.111) . We denote J\f and M to be the monodromy 
groups of (|4.1ip and (14.ip with respect to Y (z) and Y (x) respectively. Here 
Y (x) = {yi (x), y 2 (ic)) with ijj (x) defined by 

Vj (^) = '^{x)yj (a^) 

_1^ ni 7X2 7x3 

= (x — A )~2 X 2 " (x — l)~~ (x — t)~ 2 gj (x) , j = 1, 2, 


and X = is a fundamental solution of equation (j4.ip ; see the proof of 

Theorem O below. Let 71 € vri (Er\ {Er [2] U {±p}) ,go) be a loop which 
encircles the singularity ^ once. Then x( 7 i) G vri (CP^\{0,1, t, 00 } , Aq) ■ 

Since x = is a double cover, the loop x ( 71 ) encircles the singularity 


62—61 
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0 twice. Thus, a; ( 71 ) = /3^ for some /3 € vri (CP^\{0, l,t, 00 } , Ao) • Let 
p( 7 i) = Ni and p(/3) = Mq. Then 

(4.18) y (z) iVi = J*Y {z) = {py (y{x)Y (x)) 

= Cy)'il^{x)Y{x)Ml 

= Y(z)C{f)M^ 

for some constant C (/3^) € C which comes from the analytic continuation 
of 'tp{x) along /3^. From (I4.18p . we see that ^1 = 17 (/3^) Mq . By the same 
argument, we know that any element N ^ M could be written as 

(4.19) N = CM 1 M 2 


for some Mi € Ml, i = 1,2 and some constant (7 € C coming from the 
gauge transformation 'il’{x). In general, J\f is not a subgroup of JYl be¬ 
cause of ip(x). By (I4.19p . the isomonodromic deformation of (14.111 implies 
the isomonodromic deformation of (|4.11ll . However, it is not clear to see 
whether the converse assertion is true or not from (j4.19p . Here we can give 
a confirmative answer. In fact, by pi.141) . (|1.4I) and p4.1UI) . we have (I4.14p 
holds. Since n* ^ ^ Z for i e {0,1,2,3}, we have 0o,di,6t,9oo ^ Z, i.e., 
non-resonant. Then as a consequence of Theorems mio and C, we have 


Corollary 4.1. Suppose n* 0 | Z for i = 0,1,2,3. If the generalized 
Lame equation in preverses the monodromy, then so does the 

eorresponding Fuehsian equation on CP^, and vice versa. 


Proof of Theorem \4-l\ Let us first consider the generalized Lame equation 
P4.11I) . By applying 


X = 


p{z) - ei 


63-61 , _ p (p) - ei 

t — -, A — -. 


62 — 61 


62 — 61 


62 — 61 
and the addition formula 

(4.20) p{z + p) + p{z-p) = ^ ^ - 2p (z) - 2p (p ), 

2(p(z) -p(p)) 

the equation (14.lip becomes the following second order Fuehsian equation 
defined on CP^: 


(4.21) 


, 1 p' (x) ,, , q(x) , , 

d (®) + SYTYd (^) “ 


2 p (x) p (x) 

where p(x) is defined in (I4.12p . 6 = 62 — 61 and 

‘ no („„ + 1) (x + a) + (g) _ + la) + I 

,(x)= +alH±ll(^_ 2 x + 7 )+sia±i>(^- 2 x+^) 
+ i - 2=^ - l(P (P) + eO)+A (7 (p) - 5 ^' 
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Since p is an apparent singularity of (j4.1ip , equation (I4.21|) has no logarith¬ 
mic solutions at A. The Riemann scheme of (j4.21jl is as follows 


(4.22) 


( 0 

1 

t 

00 

A 

”9 

712 

713 

710 

_ 1 

1 ^ 

2 ^ 

712 + 1 

0 

2 ^ 

713+1 

0 

2 ^ 

710 + 1 

0 

2 

3 

0 


2 2 2 2 2 


__1 n-^ 

Now consider a gauge transformation y [x) = {x — X) x~~ {x 

713 

t)~^y [x). Then the Riemann scheme for y (x) is 


no 

1) 2" (x — 


/ 0 1 t 00 X \ 

(4.23) 0 0 0 a 0 , 

\ni + i 712 + 1 713-l-i d + Tlo + l 2 / 

where a= — ^ (1 -|- no + tti + n 2 + ns). Moreover, y {x) satisfies the second 
order Fuchsian equation 


(4.24) 
where 

(4.25) 
and 

(4.26) 


y” (x) + Pi (x, t) y' (x) + p 2 {x, t) y (x) = 0 , 


Pi {x,t) = 


P 2 ix,t) = 


h-ni I - 712 

^ ^ - - + 


773 


X 


X — 1 


x — t X — A 


4(x-A)^ 


^ 2nin2 — 77i — n2 ^ 2n2n3 — n2 — ns ^ 2nin^ — ni — 


+ 


4x (x — 1) 

2 ni — 1 

+ 


4 (x — 1) (x — t) 4x (x — t) 
2n2 — 1 , 2n3 — 1 


+ 


4x (x — 1) 4(x —l)(x —A) 4(x —t)(x —A) 

no (no + 1 ) (x + ^) - ni (ni + 1 ) (x + ^) 
-n 2 (n 2 + 1 ) (x - - ns (ns + 1 ) (x - f) 


p(x) 


+7 


3 /p(a:)-|-p(A) r,P(p)+eiA 

4 2(a;-A)" “ ~) 


+^ (f C (p) - ^ 


P'{P) 


x-X) 


+ ^ 
^ b 


Since p ^ Er [ 2 ] and equation (j4.2ip has no logarithmic solutions at A, it 
follows that A 0 {0,1, t, cx)} and A is an apparent singularity of (I4.24jl . Thus, 
P 2 (x, t) can be written into the form of (j4.6j) with 


(4.27) ^ ^ “4 - Til - n 2 - ns) (1 + no + ni + n 2 + ns), 


(4.28) p= Kesp2{x,t) 

x=X 

_ 2n3 - 1 2n2 - 1 2ni - 1 3 (A) Ap' (p) 

4(A-t) ^ 4(A-1) ^ 4A ^ 8 p(A) ^ ’ 

K = —Res p 2 (x, t) = K, 
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where 

(4.29) 


K = - 


+ 


2n2n3 — 71-2 — ns 2nin3 — ni — ns 2n3 — 1 


4 (t - 1) 4i 

3 A(A-l) 3 p(p)+e 3 


4(t-A) 


4i {t - 1) 


+ 


^p'(p) 


+ 


no{no+l)e3 ni(ni+l)e2 _j_ n2(n2+l)ei 


+ 


B 


Since A is an apparent singularity, we conclude from (14.Sp that 


(4.30) 


K = 


1 


\ - 


X {X — 1) {X — t) fj? + k {X — t) 

00 (A-l)(A-t) + 0iA(A-t) 
+ (0t-l)A(A-l) 




Conversely, for a given second order Fuchsian equation (j4.ip satisfying 
(SSI) and ()4.3I) . we know that pi{x), P 2 {x) and K are given by ()4.5p - (l4.8p . 
where 

(4.31) k = a{a + Ooo) ■ 

Dehne ±p, n* {i = 0,1, 2,3), A, and B by 

P (p) - ei 


(4.32) 


(4.33) 


A = 


62 — 61 


1111 ' 

(6»o,6'i,6'i,6'oo) = ( ni + -,n 2 + -,n3 + -,no + - ) , 


.. .. _ 2n3 - 1 2n2 - 1 2ni - 1 3 (A) Ap' (p) 

^ ^ ^ 4(A-t) 4(A-1) 4A 8p(A) 62p(^)’ 

and 

3 3 

(4.35) B = A^ -C{2p)A- -p{2p) - ^ n* {m + 1) p + y) . 

i=0 

Since A 0 {0, l,t, oo}, p 0 Er[2]. Thus p'(p) ^ 0 and A is well-defined 
by (|4.34p . In order to obtain the corresponding generalized Lame equation 
(14.lip , it suffices to prove that pi (x,t) and p 2 {x,t) can be expressed in the 
form of (j4.25p and (j4.26l) . By ()4.5p and ()4.33p . it is easy to see that pi {x, t) 
is of the form (j4.25p . By (j4.29l) and (|4.30p . we see that K can be written 
into ()4.29p . so p 2 {x,t) can also be expressed in the form of (I4.26p . Finally, 
the assertion that p is an apparent singularity follows from the assumption 
that A is an apparent singularity of ()4.ip (or follows from ()4.35p and Lemma 
1 ^ . This completes the proof. □ 
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